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Abstract This paper aims at developing a stochastic-elastic model of a soft elastic body adhering on
a wavy surface via a patch of molecular bonds. The elastic deformation of the system is modeled by
using continuum contact mechanics, while the stochastic behavior of adhesive bonds is modeled by
using Bell’s type of exponential bond association/dissociation rates. It is found that for suﬃciently
small adhesion patch size or stress concentration index, the adhesion strength is insensitive to the
wavelength but decreases with the amplitude of surface undulation, and that for large adhesion patch
size or stress concentration index, there exist optimal values of the surface wavelength and amplitude
for maximum adhesion strength. c© 2012 The Chinese Society of Theoretical and Applied Mechanics.
[doi:10.1063/2.1201402]
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Most biological cells must adhere to an extracel-
lular matrix (ECM) or other cells in order to per-
form normal physiological functions such as migration,
spreading, diﬀerentiation, growth, and healing.1 Cell
adhesion involves coordinated actions of many biologi-
cal molecules such as ECM proteins, cytoskeletal pro-
teins and membrane receptors, and can be strongly in-
ﬂuenced by the topographical structures of ECM and
the basement membranes of many biological tissues.2,3
Bozec and Horton4 proposed that the topographic fea-
tures of type I collagen monomers may enhance attach-
ment and adhesion of mammalian cells. Bettinger et
al.5 found that nanogratings appear to enhance while
nanoposts and nanopits tend to reduce cell adhesion
strength. Sykaras et al.6 showed that surface rough-
ness can strongly aﬀect the osseointegration of implants.
Eisenbarth et al.7 studied the adhesion of ﬁbroblasts
on Ti, Ti-6Al-4V, and Ti30Ta substrates, and found
that cell alignment becomes more distinct as the sur-
face roughness increases. These experimental ﬁndings
suggest that surface topography may play important
roles in cell adhesion.
Cells usually adhere to a material surface through
focal adhesions consisting of multiple transmembrane
receptor-ligand bonds.8–10 The random, discrete asso-
ciation/dissociation behaviors of these molecular bonds
are an essential characteristic feature of cell adhesion.
From a statistical point of view, a single molecular bond
has only a ﬁnite lifetime,11–14 but a cluster of bonds can
survive for much longer time due to collective eﬀects in a
stochastical ensemble. Erdmann and Schwarz15 showed
that the lifetime of a cluster of bonds increases with
the increase of cluster size. Wang and Gao16 consid-
ered two elastic half-spaces joined together by diﬀusive
molecular bonds and showed that a uniform bond dis-
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tribution along the interface is intrinsically unstable.
Qian et al.17,18 performed Monte-Carlo simulations to
investigate the adhesion lifetime and strength of a single
or periodic arrays of bond clusters between two elastic
media. Wang and Gao19 and Rizza et al.20 investigated
the size- and shape-dependent pull-oﬀ force and adhe-
sion lifetime of a bond cluster, and showed that strong
and stable adhesion can be achieved by selecting an op-
timal surface shape, somewhat analogous to an earlier
study of Gao and Yao21 for non-speciﬁc van der Waals
interaction between elastic solids.
In spite of these progresses, analytical models on the
role of surface topography in molecular adhesion are still
relatively scarce. In the present study, we extend the
stochastic-elastic model of Wang and Gao19 to a soft
elastic body adhering on a wavy surface via a patch of
molecular bonds.
Figure 1 shows the plane strain problem of an elastic
half-space with a wavy surface proﬁle
h(x) = h0[1 + cos(2πx/l)], (1)
which is connected to another elastic half-space via a
cluster of ligand-receptor bonds, forming an adhesion
patch of size 2a under the action of an applied force P
(per unit out-of-plane thickness). Non-speciﬁc interac-
tions such as the van der Waals force are assumed to
be negligible. A set of Cartesian coordinates (x, z) are
placed at the center of the adhesion region of the lower
half-space so that the two opposing contact surfaces are
located at z = h(x) and z = 0, respectively. A total of
Nt bonds per unit out-of-plane thickness are uniformly
distributed within the adhesion region, resulting in a
bond density of ρ0 = Nt/2a per unit area.
The Young’s modulus, Poisson’s ratio and vertical
displacements of the lower and upper elastic half-spaces
are denoted as E1, E2, ν1, ν2 and u1, u2, respectively.
The relation between normal traction σz along the in-
terface and surface separation u = u2 − u1 + h can be
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Fig. 1. Schematic illustration of speciﬁc adhesion of a soft
elastic body on another with a wavy surface via a cluster of
ligand-receptor bonds.
Fig. 2. Normalized interfacial traction distribution for
diﬀerent values of the stress concentration index α for an
adhesion patch on a perfectly ﬂat surface with all bonds
closed.17–19 The normalized pulling force Pˆ is taken as 2.
written as19,22
∂u
∂x
=
2
πE∗
∫ a
−a
σz
x− sds+
dh
dx
, (2)
where 1/E∗ = (1− ν21)/E1 + (1− ν22)/E2.
For simplicity, we treat the ligand-receptor bonds as
Hookean springs with stiﬀness ξ when they are closed.
Within the adhesion region, the normal interfacial trac-
tion σz leads to a bond displacement
u = −σz/ξρb, (3)
where ρb = ρb(x, t) is the density of closed bonds at
position x and time t.
The total adhesion force is
P =
∫ a
−a
ξρbudx. (4)
The bonds are assumed to undergo following re-
versible transitions between open and closed states23
LRopen ⇔ LRclosed. (5)
Following Bell,14 we treat the bond associa-
tion/dissociation events as discrete Markov events,
dρb
dτ
= γ[ρ0 − ρb(x, τ)] exp
(
−η ξu
2
2kBT
)
−
eξu/Fbρb(x, τ), (6)
where τ = k0t is the normalized time, k0 is the dis-
sociation rate of a bond in the absence of an applied
force; γ = (k0on/k0)(lbind/lb) is the dimensionless asso-
ciation rate weighted by the ratio of binding radius lbind
and unstressed tether length lb, k
0
on denotes the reac-
tion rate between binders; Fb = kBT/xb is a reference
force scale on the order of 4 pN, xb denotes the dis-
tance between the minimum and the escape barrier of
the binding potential.17 Note that we have adopted a
rebinding rate of exponential type in Eq. (6),
g(τ) = k0γ[ρ0 − ρb(x, τ)] exp
(
−η ξu
2
2kBT
)
, (7)
where η is a dimensionless parameter characterizing how
strong the rebinding rate depends on the separation be-
tween a pair of open bonds.
It will be convenient to introduce the following di-
mensionless variables
uˆ =
uξ
Fb
, r =
x
a
, ρˆ =
ρb
ρ0
, hˆ =
h
a
,
Pˆ =
P
aρ0Fb
, β =
E∗
ρ0Fb
, H =
h0
a
. (8)
Using Eq. (8), we can reduce respectively Eqs. (1),
(2), (4) and (6) to
hˆ(r) = H[1 + cos(2πra/l)], (9)
∂uˆ
∂r
= −2α
π
∫ 1
−1
ρˆuˆ
r − sds+ βα
dhˆ
dr
, (10)
Pˆ =
∫ 1
−1
ρˆuˆdr, (11)
dρˆ
dτ
= −ρˆ exp(uˆ) + γ(1− ρˆ) exp(−λuˆ2), (12)
where λ = ηF 2b/2kBTξ and
α =
ξρ0a
E∗
. (13)
In our previous studies,17–19 we have shown that the
dimensionless parameter α acts as a stress concentra-
tion index which governs how the interfacial traction is
distributed within the adhesion domain. For example,
consider the special case of adhesion on a ﬂat surface
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Fig. 3. The normalized pull-oﬀ force as a function of the normalized surface undulation amplitude under diﬀerent values of
the stress concentration index α. Other selected parameters are γ = 2, λ = 2.576 and β = 1.
Fig. 4. The normalized interfacial traction distribution un-
der diﬀerent amplitudes of surface undulation. Other se-
lected parameters are α = 0.1, 2πa/l = 1, Pˆ = 0.2, γ = 2,
λ = 2.576 and β = 1.
with all bonds closed, corresponding to ρˆ = 1 and hˆ =
constant. In this case, we can rewrite Eq. (10) as17
∂σˆ(r)
∂r
=
2α
π
∫ 1
−1
σˆ(s)
r − sds, (14)
where σˆ = σz/ρ0Fb = ρˆuˆ is the normalized interfacial
stress. In the limit of α = 0, Eq. (14) is simply re-
duced to ∂σˆ (r) /∂r ≈ 0, with the obvious solution of
σˆ (r) = constant, in this case the applied force would
be equally shared among all bonds within the adhesion
patch. In the opposite limit of α → ∞, Eq. (14) has the
solution σˆ (r) =
(
Pˆ /π
)/√
1− r2, similar to a Griﬃth
crack. For 0 < α < ∞, the interfacial stress would be
Fig. 5. The normalized interfacial traction distribution un-
der diﬀerent amplitudes of surface undulation. Other se-
lected parameters are α = 2, 2πa/l = 1, Pˆ = 0.2, γ = 2,
λ = 2.576 and β = 1.
nearly uniformly distributed within the adhesion patch
for α < 0.1 and crack-like for α > 1, as shown in Fig. 2.
In general, the maximum stress occurs at the edge and
minimum stress at the center of the patch. The param-
eter α indicates that the adhesion size, bond density
bond stiﬀness and substrate stiﬀness all play a role in
controlling the distribution of interfacial stress within
the adhesion patch.
In the steady state, we can deduce from Eq. (12)
that
ρˆ =
γ
γ + exp(uˆ+ λuˆ2)
. (15)
While Eq. (10) can be converted to the following cou-
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Fig. 6. The normalized pull-oﬀ force as a function of the wavenumber of the undulating surface under diﬀerent values of
the stress concentration index α. Other selected parameters are γ = 2, λ = 2.576 and β = 1.
Fig. 7. The normalized pull-oﬀ force as a function of the
normalized amplitude of the undulating surface for diﬀerent
values of the surface wavenumbers and stress concentration
index: (a) α = 0.1 and (b) α = 5. Other selected parameters
are γ = 2, λ = 2.576 and β = 1.
Fig. 8. The normalized interfacial traction distribution un-
der diﬀerent wavenumbers of the undulating surface. Other
selected parameters are α = 5, H = 0.2, Pˆ = 0.2, γ = 2,
λ = 2.576 and β = 1.
pled singular integro-diﬀerential equation23
ρˆuˆ+
1
2πα(1− r2)1/2
∫ 1
−1
(1− s2)1/2
r − s ·(
∂uˆ
∂s
− βαdhˆ(s)
ds
)
ds =
Pˆ
π(1− r2)1/2 . (16)
To solve this equation numerically, we expand uˆ and
sin(2πsa/l) into power series as
uˆ(r) =
∞∑
k=0
uˆkr
2k, (17)
sin
(
2πas
l
)
=
∞∑
i=1
(−1)i+1 (2πas/l)
2i−1
(2i− 1)! . (18)
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Substituting Eqs. (17) and (18) into Eq. (16) yields
ρˆuˆ0 +
∞∑
k=1
uˆk
[
ρˆr2k +
kI2k−1(r)
πα(1− r2)1/2
]
=
Pˆ
π(1− r2)1/2 −
HβGs(r)
2π(1− r2)1/2 , (19)
where
In(r) =
∫ 1
−1
(1− s2)1/2sn
r − s ds, (20)
Gs(r) =
∞∑
i=1
(−1)i+1 (2πa/l)
2iI2i−1(r)
(2i− 1)! . (21)
Conventional Galerkin’s method can now be used to
determined uˆ and ρˆ through an iterative algorithm.
The singular integro-diﬀerential equations in
Eqs. (15) and (16) are solved numerically following
the power series expansion in Eqs. (17)–(21). Figure
3 shows the normalized pull-oﬀ force as a function of
the amplitude of surface undulation for diﬀerent mag-
nitudes of surface wavelength and stress concentration
index α. It can be seen from Fig. 3 that, for relatively
small stress concentration index α ≤ 1, the adhesion
strength tends to decrease monotonically as the surface
amplitude increases. This can be understood from the
point of view that increasing surface amplitude leads to
more non-uniform stress distribution within the contact
patch, as shown in Fig. 4. For large stress concentration
index α > 1, there exists an optimal surface amplitude
which gives rise to the maximum adhesion strength. In-
terestingly, the optimal surface amplitude seems to in-
crease with the stress concentration index α. Figure 5
plots the distribution of normalized interfacial traction
for α = 2. It can be seen from Fig. 5 that the diﬀerence
between tractions at the edge and the center is mini-
mized at an optimal surface amplitude, corresponding
to the state of optimal adhesion.
Figure 6 shows the normalized pull-oﬀ force as a
function of the surface wavenumber under various val-
ues of surface undulation amplitude and stress concen-
tration index α. It can be seen from Fig. 6 that, when
the amplitude of surface undulation is small, the adhe-
sion strength is quite insensitive to the wavenumber. On
the other hand, the wavenumber can signiﬁcantly aﬀect
the adhesion strength when the amplitude of surface
undulation becomes large. Figure 6 also shows that the
adhesion strength reaches a maximum when the surface
wavenumber is near 1, corresponding to the case when
surface undulation has roughly the same wavelength as
the size of the adhesion patch.
Under relatively small stress concentration index
α = 0.1, Fig. 7(a) shows that the adhesion strength
monotonically decreases with the amplitude of the un-
dulating surface, but the wavenumber of the undulating
interface has almost no eﬀect on the adhesion strength.
Figure 7(b) shows the normalized adhesion strength as
a function of the surface undulation amplitude for dif-
ferent surface wavenumbers when α = 5. The results
indicate that, when the stress concentration index is rel-
atively large, the adhesion strength exhibits a maximum
at an optimal undulating amplitude, and the wavenum-
ber of the undulating interface can signiﬁcantly inﬂu-
ence the adhesion strength. Figure 8 indicates that the
interfacial traction distribution is strongly inﬂuenced by
the wavenumber of the undulating surface under rela-
tively large stress concentration index α.
In this study, we have developed a stochastic-elastic
model to investigate how a wavy surface topography can
inﬂuence the adhesion strength of two soft elastic bod-
ies joined together by a patch of adhesion bonds. The
results indicate that both the amplitude and wavenum-
ber of surface undulation can inﬂuence the distribution
of interfacial traction as well as the adhesion strength.
Under relatively small adhesion size or small stress con-
centration index, the surface amplitude has a more sig-
niﬁcant eﬀect on the adhesion strength than the sur-
face wavenumber. Under relatively large adhesion size
or large stress concentration index, there seems to exist
an optimal surface topography - with a ﬁnite undulating
amplitude and an optimal wavelength on the same scale
as the adhesion patch size - for the maximum adhesion
strength.
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